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Introduction. -As societies age, the morbidity and mortality associated with falls increases. In order to devise effective strategies to minimize the risk of falling it is first necessary to understand how balance is maintained. In physics, models for the maintenance of the upright posture have traditionally been formulated in terms of an inverted pendulum stabilized by continuous and time-delayed negative feedback [1] [2] [3] [4] . Recent emphasis has been placed on two paradigms of human balance control, postural sway during quiet standing [5] [6] [7] [8] [9] and stick balancing at the fingertip [10, 11] . Particularly puzzling has been the observation that the neural feedback in these situations is neither negative nor continuous! However, overlooked in these discussions are the possible beneficial effects of random perturbations (hereafter referred to as noise) on unstable systems [12] [13] [14] [15] [16] [17] ; especially when time delays are present [10, 11, [18] [19] [20] [21] . Here we show that the interplay between noise, delay, and positive feedback makes possible a novel mechanism for balance control.
The experimental observation that the position controller for postural sway functions as a positive force feedback challenges long held beliefs that it should function as negative feedback (for reviews see [5] [6] [7] [8] [9] ). During postural sway controlling forces arising from contractions of the calf muscles attempt to maintain the center of mass within the base of support formed by (a) E-mail: jmilton@jsd.claremont.edu the area under the feet and the space between them. A mechano-reflex feedback systems generates force in relation to the movements of the center of mass. The mechanical stiffness of the muscle together with neural reflexes, principally the muscle stretch reflex, act togther as a negative feedback controller in which muscles act as a spring whose stiffness is dynamically set by reflex gain. Consequently, it was anticipated that forward sway would stretch (lengthen) muscles and lead to an increase in ankle torque. Recently this hypothesis was tested non-invasively by combining ultrasound with automated image analysis techniques to measure changes in the length of individual calf muscle fibers non-invasively during postural sway [8] . The observed changes are, on average, opposite to that expected for negative feedback: the average calf muscle fiber length shortens, not lengthens, on forward sway, and lengthens, nor shortens, on backward sway. Thus, on average, the controller behaves as positive feedback. Moreover, the control is not exerted continuously, but ballistically, i.e. i nt h ef o r mo fb r i e f , intermittent contractions [5] .
The conclusion that position control feedback is positive also arises in studies of the closely related task of stick balancing at the fingertip [10, 11, [22] [23] [24] [25] [26] . During stick balancing the nervous system strives to minimize the vertical displacement angle. Using high-speed motion capture technologies it has been shown that the corrective movements occur intermittently and that > 95% of 48001-p1 J. G. Milton et al.
the time intervals between succesive corrective movements are shorter than the time delay [10] . Moreover, experiments involving both real [22] and virtual [23, 24] stick balancing suggest that the stochastic reflex gain is tuned on average to the unstable side of the stability boundary. In other words, just as for postural sway, the feedback control for stick balancing is positive and the corrective movements are ballistic [25, 26] .
How is it possible that positive feedback is part of a mechanism that controls an unstable state? One hypothesis, favored by neuroscientists [8, 27] , is that the nervous system is using a predictive control strategy. In other words corrections are based on anticipations of where the controlled variable will be at some point in the future. However, at least for stick balancing at the fingertip, this is unlikely since it has been shown that the corrective movements made by the fingertip are non-predictive [11] . In particular the changes in speed made by the fingertip are described by a Lévy distribution whose exponent is characteristic for a random foraging strategy.
An alternate hypothesis is that the balance feedback controller operates in a discontinuous, or switch-like, manner [2] : for small displacements the center of mass is allowed to "drift" (approximated as positive feedback control), corrective actions (negative feedback) occur only once displacement exceeds certain thresholds. Thus active control of balance is necessarily intermittent. This concept of discontinuous balance control is well supported by statistical analyses of the fluctuations of the center of pressure during postural sway [28] , the switch-like properties of neural mechano-receptors [29] and motorneurons [30] , and clinical observations of the ankle, hip and step strategies for maintaining balance as the magnitude and speed of perturbations increases [31] . Although models of this type for postural control have been proposed previously [2] , little attention has been directed towards the role of the drift phase for determining the costs for this control. However, it is obvious that any mechanism that slows escape is of benefit since it reduces the number of activations of the negative feedback controller per unit time. Here we show that the required slowing of escape can come from the interplay between delay and noise. The positive time-delayed feedback reflects either a neural time-delayed feedback controller that is tuned near, or at, an edge of stability [10, 11] or because of the compliance of the muscle-elastic tissue complexes [7, 32] .
We illustrate our hypothesis by studying the properties of an unstable delayed random walk, a model previously emphasized in models of postural sway [33, 34] and stick balancing at the fingertip [25, 26] . We show that the unstable delayed random walk exhibits two intrinsic properties that slow escape from its origin: firstly, the time delay, and secondly, the possibility that the dynamics can be "temporarily confined" near the origin.
Unstable delayed random walks. -We mo del the movements when the displacement is less than a threshold, |X * |, as a 1-dimensional delayed random walk [33] [34] [35] : the walker takes a discrete step of unit length per unit time in a direction determined by conditional probabilities that depend on the position of the walker at some time, τ , in the past. Models based on delayed random walks with an attractive origin provide an alternate and simpler approach for obtaining the stationary statistical properties of stochastic delay differential equations [34, 35] : it reduces the analysis to that of a higher-order Markov process. Delayed random walks are better suited for numerical simulations due to its discrete nature in space and time. Finally, insights into the transient properties can be obtained [34] .
In order to derive a delayed random walk we generalize a position-dependent random walk so that the transition probability depends on its past state. One such represention is given by the following definitions (an alternate representation is given in [34] ): (1) where the position of the walker at time t is X(t), P (n, t) is the joint probability for the walker to be at X(t)=n and P (n, t; m, t − τ ) is the joint probability such that X(t)=n and X(t − τ )=m take place. f (x)a n dg(x) are transition probabilities for the walker coming from the right (n +1) by taking a negative (−1) step, or from the left (n − 1) by taking a positive (+1) step such that
The definition (1) shows that these transition probabilities are dependent on the walkers position τ steps before.
We assume that the random walk evolves on a symmetric (i.e. quadratic) potential surface (see Discussion), and hence f and g must be chosen to preserve this symmetry with respect to the origin, i.e.
For the repulsive random walk we have
It should be noted that the simple symmetric random walk can be recovered from (1) by choosing
Finally, since the force away from the origin linearly increases for the repulsive case, we choose f, g to be
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where d is a constant such that 0 d 0.5a n dβ =2d/a. When τ = 0 this definition of transition probability makes the bias away from the origin to increase linearly with the distance from the origin with rate β, until it reaches a: from that point on it is kept constant. We ignore the probability that the walker is outside the range (−a, a) by setting a = |X * |,w h e r eX * is an arbitrarily defined threshold (see below). These choices of f, g are consistent with proposals that the fluctuations that arise in the setting of stick balancing reflect a critical balance between two opposing antagonistic forces [10, 19, 23, 24] .
Analysis. -For t>0 the position of the walker evolves while being influenced by its history at τ , X(t − τ ). The ballistic corrective movements are triggered whenever the displacement of the delay random walker exceeds the threshold, |X * |. Thus, the first passage time, L, and its averageL, i.e. the average time that it takes a walker to cross an arbitrarily established threshold ±X * are key parameters for understanding the properties of this control mechanism. Since the backward Kolmogorov formulation for such a random walk is not presently known, we cannot calculateL by, for example, backward propagation. Therefore we obtain a first approximation toL by calculating the variance. Then we use numerical simulations to investigate the nature of L.
Correlation functions. -The definition (1) can be extended to obtain an equation for the joint probability distribution [34] . Using similarly defined three-point probability distributions, we obtain for the repulsive delayed random walk
where P (n ± 1,t; ℓ, t +1− u; m, t − τ ) is the three-point joint probability distribution for the walker to be at n ± 1, ℓ, m at, respectively, times t, t +1− u,a n dt − τ ,a n df and g are given by (6), (7) . We note that if we sum (8) with respect to ℓ, we can recover (1). The non-stationary time dependence of the correlation function K(u, t)= X(t)X(t − u) ,
and hence the change in variance as a function of time
can be obtained by multiplying (8) by nℓ and summing over nℓ where we have used the definition (17) for different values of the time delay: from top to bottom, τ =0, τ = 100, τ = 400 and τ = 800. The variance predicted by numerical simulation of the coupled dynamical equations, (12)- (14), is given by the solid line and the values determined by numerical simulation of the repulsive delayed random walk with f and g given by, respectively (6) and (7), are indicated by • (mean value of 1000 realizations). Parameters: d =0.01 and a = 50 with β =2d/a.
In this way we obtain the following coupled dynamical equations for the correlation functions where we have identified β with α in (17)
for 1 u τ ,a n d
when u>τ. As for the case when α<0, the solution can be iteratively generated for the initial condition with the walker being kept fixed at the origin, i.e., x(t)=Φ 0 (t)=0, t ∈ [−τ, 0]. This corresponds to the following boundary conditions:
Equations (12)- (14) were solved numerically. Figure 1 plots K(0,t) vs. time for various choices of τ for the boundary condition given by (15) . The predicted K(0,t) is in excellent agreement with that obtained by simulating the repulsive delayed random walk using f and g given by, respectively, (6) and (7) . Thus, to a first approximation L is expected to increase as τ increases. Figure 2 demonstrates the stabilizing role of the initial function, Φ 0 (s). In many cases,L for τ>0 is longer than that for τ = 0. These 2) an initial function constructed by randomly choosing +1, 0, −1( •); 3) an initial function constructed from a simple random walk with τ = 0 (solid line, ); 4) a linear decreasing initial function with end points x = τ at t = −τ and x =0 at t = 0 (solid line, ). In all cases Φ0(0) = 0. The dashed line is equal toLτ=0 + τ . For each choice of Φ0(t), 500 realizations were calculated with X * = ±30 using (1) and (6), (7) observations indicate that the escape of a delayed random walk can be prolonged by the walker's past history as contained in Φ 0 (x). For some choices of Φ 0 (x),L increases monotonically as a function of τ ; for other choicesL exhibits a more complex dependence on τ . In contrast when f>g, the origin is destabilized by the delay for all choices of Φ 0 (t), i.e. the stable states exist for non-zero walker positions [33] .
First passage time. -
In general, the proper choice of Φ 0 (t) for an unstable dynamical system is not known. However, for the two paradigms which have motivated this study, namely stick balancing at the fingertip and postural sway during quiet standing, it can easily be arranged that Φ 0 (t)=0. For example, the stick at the fingertip can be held in the upright position by the other hand for a time τ and then released. Thus, for the remainder of this discussion we assume that Φ 0 (t)=0. Figure 3a shows the distribution of first passage times, N (L), when Φ 0 (t) = 0. Clearly, when τ = 700, N (L)i s distinctly bimodal. The bimodal nature of N (L)i sn o t observed when τ = 0. In order to understand the nature of N (L) it is helpful to consider the relative signs of x(t) and x(t − τ ) under the mapping defined by (1) . If x(t) and x(t − τ ) have the same sign, then the delayed random walk will be biased towards the escape threshold since its transition probability to move in this direction is larger. On the other hand, if x(t)andx(t − τ )haveoppositesigns, denoted herein as a delayed zero crossing, the effect will be to cause the walker on average to change direction away from threshold thus delaying the escape of the walker. Figure 3b compares the number of delayed zero crossings, Z(L), as a function of L when τ = 700. As can be seen the second mode of the N (L) is associated with the increased number of delayed zero crossings. Similar associations are obtained with those choices of the initial conditions that produced a monotonic increase inL with delay (see fig. 2 ).
Controlling instability. -The above observations suggest the advantage of using control strategies that employ pulsatile stimuli designed to increase the number of delayed zero crossings, which should increase L,a n d hence favor the slower pathways of escape. Obviously applying rapid perturbations with magnitude equal to the deviation of the current point from the fixed point, but of opposite sign, would stabilize the unstable point indefinitely. However, such control strategies would be both computationally and technically expensive to implement. Here we illustrate the feasibility of developing simple models for confining the dynamics of an unstable fixed point in the presence of delay by applying small perturbations less frequently. Figure 4 compares two simple strategies for confining the random walkers near the origin. The first strategy applies periodically small amplitude corrections (20% of the displacement from the origin). Although increasing the frequency of these periodic corrective movements shifts the survival curve to the right (compare and • in fig. 4b ), all of the walkers eventually escape.
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Delays, noise and control (1) and (6), (7) A slightly more intelligent control strategy can be devised by taking into account the bimodal nature of N (L). In particular, we introduce a second threshold,X, such that 0 < |X| < |X * |, and apply a corrective pulse whenever |x(t)| > |X|. The secondary thresholdX is introduced so as to discriminate between the slow and faster modes in N (L). Control strategies of this types have been suggested both on the basis of mathematical models [36] and experimental observations [2, 28] . In contrast to the periodic stimulation strategy, this threshold-type control strategy will confine the random walker near the origin as long as it is enforced. Moreover, for comparable control it is clear that methods based on the threshold-type model are more efficient.
Discussion. -It is unlikely that the nervous system can control posture using continuous negative feedback. Many of its sensory receptors exhibit switch-like properties, including bistability. Moreover, there are limitations for the use of continuous feedback in the setting of noise and delay [37] . An inherent problem is that of distinguishing those fluctuations that need to be acted upon by the controller from those which do not. This is because, by definition, there is a finite probability that an initial deviation away from a set point will be counter-balanced by one towards the set point just by chance. Too quick a response by a controller to a given deviation can lead to the phenomenon of "over control" leading to destabilization, particularly when time delays are appreciable. On the other hand, waiting too long runs the risk that the control may be applied too late to be effective. Thus, methods based on continous feedback control, e.g. [38, 39] , are not only anticipated to be very difficult to implement by the nervous system, but are also unlikely to be effective.
One way to overcome these problems is to use a switch-like, or discontinuous, feedback controller which is activated only when dynamical variables cross pre-set thresholds [2, 36, 40] . Switch-like controllers are well known to engineers and have the property that they are optimal when the control is bounded [40] . A familiar example of discontinuous feedback control arises in the thermostatic control of room temperature. It has been suggested that the ballistic corrective movements observed in balance control reflect "chattering", the dynamical signature of a switch-like feedback controller [9] . The beneficial effects of mechanisms that prolong the "wait phase", such as the effects of τ and those related to Φ 0 (t) discussed here, would include transiently freeing up resources that could be used for other tasks [11] and energetic savings related to a less frequent use of the active controller per task. Our numerical simulations strongly support this possibility.
It is important to note that the attractive case for the delayed random walk model when τ = 0 corresponds to Ehrenfest's model for a discrete random walk in a harmonic potential [41, 42] . By applying the same procedure for obtaining the Fokker-Planck equation from the Ehrenfest model for τ = 0 [41] , we obtain, for τ =0,
where γ and D are constants. On the other hand, starting with the delayed Langevin equation
where α>0a n dW is the Wiener process, an equivalent expression for the Fokker-Planck equation has been obtained [43] . This correspondence carries over to the repulsive case. Indeed numerical simulations of (17) for α<0 demonstrate qualitatively the same statistical properties as we report here for the corresponding delayed random walk including the bimodal distribution of first passage times (data not shown). Thus, the delayed random walk and the stochastic delay differential equation provide two different, but complimentary vantage points to understand the effects of Φ 0 (s) on the evolution of this noisy and delayed dynamical system. In the case of the repulsive delayed random walk the dependence of the first passage times on Φ 0 (s) arises because different paths in the past result in different paths in the future and in particular in numbers of delayed zero crossings. On the other hand, the key feature that dominates the behavior of (17) near the unstable fixed point is the co-existence of eigenvalues with negative and positive real parts [44, 45] . Different choices of Φ i (t) alter the relative contributions of the different eigenvalues to the solution; the application of brief pulses re-shuffles their contributions. Analogous situations in which eigenvalues with both negative and positive real parts co-exist arise when τ = 0 in the setting of a saddle point [12, 13, 16, 21] or Hopf bifurcation [46] and may, in part, explain the stabilizing effects of noise in these situations. Numerical simulations suggest that similar phenomena occur for τ = 0 and account for the postponement of Hopf bifurcations [18] and delay-induced transient oscillations [47, 48] . The nervous system must necessarily contend with the effects of time delays and noise. It appears that, at least in the case of balance control, the nervous system has adopted a simple, but very robust control strategy. Namely, the system is simply allowed to drift (wait) until the controlled variable exceeds a threshold that initiates a corrective action (act). Our observation that such systems can be readily controlled using easily implemented control strategies may have far reaching implications.
